Abstract. Patient motion during PET imaging acquisitions can result in distortions and artifacts that make accurate interpretation of the image sets difficult. In an attempt to develop a model-based approach, the feasibility of using Monte Carlo (MC) techniques for developing a probabilistic model for PET imaging is investigated. A two dimensional model and its formulation in the Radon space are presented in the scatter-free, scatter, and random noise situations. The reconstructed results using filtered back projection technique demonstrate the feasibility of the approach for clinical application.
Introduction
Monte Carlo (MC) simulation methods are finding increasing applications in nuclear medical imaging systems such as positron emission tomography (PET) and single photon emission computed tomography (SPECT) [1] [2] [3] [4] [5] . The availability of an accurate computational model helps immensely in understanding the undesirable effects of several operational parameters such as blurring effects of patient movement due to respiratory or other physiological motions. Due to the complex detector geometries, inhomogeneous attenuation within the body or phantom structures and stochastic nature of these systems analytical solutions are seldom possible and an accurate, fast, and efficient numerical model is necessary. This paper presents a two dimensional (2D) MC model, which simulates the radiation emission, transport, and detection process of PET systems to generate data in the sinogram space. The reconstructed images are then obtained using filtered back projection (FBP) method [6, 10] to validate the model.
Theory and probabilistic models
In a PET scanner system, the relationship between the measurement j λ and the object ) (x f can be described by a linear model that represents the summation or integration of spatially variant detector sensitivity function ) (x s [7] representing the object. The sensitivity function is different for scatter-free or with scatter and random noise situations. The detector measurement can be represented mathematically as follows:
, m = 2 or 3 for m dimensional object function, FOV is the field of view. In PET image reconstruction, a number of approaches have been presented [6, 7] to estimate the object ) (x f v by assuming that a discrete number of PET scanning measurements are obtained accurately. In this paper, we present a forward probabilistic model that uses a known sensitivity function ) (x s v to predict the simulated measurements which are then used as input for image reconstruction.
Physics of PET Imaging
Positron Emission Tomography, in contrast to Computed Tomography (CT) that gives rich anatomical details, generates images showing the functional details in patients by depicting the distributions of positron emitting nuclides. PET scanners use annihilation coincidence detection (ACD) instead of collimation, which is used in SPECT, to obtain projections of the activity distribution in the subject [8] . Modern PET scanners are multi-slice devices, permitting the simultaneous acquisition of as many as 47 slices over 15cm to 20cm of axial distance. Although there are many radioactive isotopes or tracers, fluorine-18 fluorodeoxyglucose (FDG) is mainly used due to its long half-life. The radioactive isotope undergoes decay by emitting a positron + β , and when the positron has lost most of its kinetic energy, it interacts with a rest electron by annihilation and two 511keV photons are emitted in nearly opposite directions. If both of these annihilation photons are detected by the PET detectors using ACD, the projection data is sorted in the Radon space (sinogram). The data is then used in the well-established filtered back-projection algorithm for reconstructing the transverse slice of the image. Thus the ACD establishes the trajectories of detected photons and forms the projection PET images [8] .
Monte Carlo Method
Monte Carlo (MC) methods can be described as statistical methods that use random numbers to simulate any specified situation and physical process. In this paper, the major components of MC method include the probability density functions (pdf's) of the physical system, which is PET system; random number generators; sampling rules for the specific system pdf's; tallying or scoring methods to accumulate the outcomes and error estimation as a function of the number of trials and other quantities. The details of the general principles of the MC method are well established and described in several publications [9, 12] .
Random Number Generator
The random number generator (RNG) is an important and fundamental part of MC simulation models, in which the RNG is used to control decision making for physical events having a number of possibilities. Generally, the sequence of random numbers used in the MC model should have the following properties: uncorrelated, long period, uniformity, and reproducibility [4] . A large number of RNGs are available for implementation [11] . A Uniform RNG is used in this work as explained in Figure 1. 
Sampling Techniques
In MC simulation, the pdf's of the PET system needs to be randomly sampled so that the physical events can be described and evolution of the overall system can be simulated. The illustration of the basic idea of sampling is shown in Figure 1 . The sampling methods include direct method, rejection method and mixed method which combines the two above methods [12] . In this paper, the simplest direct method is used since the inverse of the cumulative distribution function (cdf) for determining the annihilation position is easily obtainable using the original slice image intensity distribution. This cdf is then uniformly sample to provide the pdf for where the annihilation happens (discretized pixel index in this paper). The cdf for the photon pair emitting angle is simply a straight line because the probability of emitting direction is equally distributed from 
Probabilistic Model and Formulations
In the probabilistic model, the object ) (x f v is a 2D phantom, which is defined as a nonnegative intensity function ) , 2) where ij p , the specific form of the detector sensitivity function ) (x s in our model, is the probability of a 511keV photon pair generated by the annihilation at the ith pixel and detected by the jth detector pair. The value of ij p is calculated as the exponential of a line integral of the attenuation coefficient of each pixel along the photon emission path as follows:
where the attenuation coefficients µ is also predefined in the bounded region Ω , which is shown in Figure 3 (c) and r is the radius of the PET scanner. However, the sensitivity function in Equation (4) for different scenarios is calculated differently according to the apparent lines of response (LORs) for different situations. By applying MC technique, the integral in the Equation (3) is evaluated by generating a large number of trials and then evaluating the summation. The sinogram data is generated by j λ and then used to reconstruct the phantom using the FBP method. The illustrations of scatter-free, single scatter and random noise models are shown in Figure 2(b) to 2(d) . In the single scattering case, the photon path length d before the scattering is calculated using MC technique according to Equation (5) , where U is a uniform random number in (0, 1).
The scattering angle s θ and the photon energy after scattering s E are calculated based on Klein-Nishina cross-section equation and the sampling algorithm originally developed by Kahn [10] . in E and s E , the energy before and after the scattering and the photon path s l after the scattering are calculated as in Equations (6 
Results
The 2D phantom [13] and the detectors are shown in Figure 3 (a). The discretized region Ω has the dimension mm mm 640 600 × and the radius of the PET scanner is 0.5m, which are illustrated in Figure 3 The difference even for α = 0 case is due to the small number of simulations used in this feasibility study.
Conclusions
A Monte Carlo based 2D model and its formulation in the Radon space are presented and validated for scatter-free, single scatter, and random noise situations. The reconstructed images using FBP are very promising and hence validate the MC approach. Different noise levels were also studied in the model, to help understand the effect of motion in the sinogram data of PET imaging system. After an accurate model is achieved and validated by the experimental data, future work will include modifications to include respiratory motion and the corresponding sinogram data will be generated to study motion effects under a controlled situation. Compensation algorithms can then be applied to the sinogram data before reconstruction.
